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Abstract

Thelinearstrainmeasureshatarecommonlyusedin real-timean-
imationsof deformalte objectsyield fastand stablesimulations.
However, they are not suitablefor large deformations. Recently
morerealisticresultshave beenachiezed in computergraphicsby
usingGreens non-linea straintensor but the non-linearitymakes
the simulationmorecostly andintroducesnumericalproblems.

In this paper we presenta new simulationtechniqe thatis sta-
ble andfastlike linear models,but without the disturbingartifacts
that occur with large deformations. As a precomputation step,a
linear stiffnessmatrix is computedfor the system. At every time
stepof the simulation,we comptte a tensorfield thatdescribeghe
local rotationsof all the verticesin the mesh. This field allows us
to computethe elasticforcesin anon-rotatedeferencdramewhile
usingthe precomptedstiffnessmatrix. Themethodcanbeapplied
to both finite elementmodelsand mass-springsystems. Our ap-
proachprovidesrobustnessspeedandarealisticappeaancein the
simulationof large deformations.

CR Categories: 1.3.5 [ComputerGraphics]: Computatioml Ge-
ometry and Object Modeling — Physicallybasedmodeling; 1.3.7
[ComputerGraphics]: Three-DimensionaGraphicsandRealism;
Additi onal Keywords: Deformations,Physically BasedAnima-
tion.

1 Introduction

Mathematicaland physicalmodelingof deformalte objectshasa
long history in mechaical engineering and materialsscience. In
thosedisciplines the mainobjective is to modelthe physicalworld
asaccuratelyaspossible.In graphicsapplicationsthe primarycon-
cernis usuallythe computationakfficiency of generatingplausible
behaiors, ratherthanthe accuratepredictionof exactresults.The
mostwidely usedtechniqie to modeldeformableobjectsis to view
materialasa continuum. In this case,the constitutve laws yield
partial differential equatiors that describethe static and dynamic
behaior of the material. Theseequationsare usually solved nu-
merically usingthe Finite ElementMethod (FEM) [1] or finite dif-
ferenceqd12]. Suchsimulationsaretypically doneoffline — thatis,
computersspendminutesor hoursto arrive at a singleansweror a
simulationof afew seconds.

Real-timesimulation of deformableobjectsis a younger field.
The performane of modern computersand graphics hardware
have madephysically-basednimationpossiblein realtime. But
evenwith today's besthardwareandmostsophsticatedtechniques
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[3, 16, 17], only afew hunded elementsvith small deformations
have beensimulatedin real-timeto date. Sincesimulatingthe dy-
namicbehaior of deformalbe objectsin realtime is animportant
andchallengingask,a greatdealof work hasbeendonein thefield
anda large variety of techniquesandmethodshave beenproposel
in the lasttwo decads [5]. Typical applicationsfor real-timede-
formableobjectsinclude virtual sugery [3, 16], virtual sculpting,
gamesor ary applicationrequiringan interactive virtual erviron-
ment. A real-timesimulatorcould offer artiststhe optionto design
andtestanimationsnteractvely beforerenderingheirwork offline
in higherquality.

An interactve simulation systemneedsto meettwo main re-
quirements.It certainly needsto be fastenoudh to generatel5 to
20framespersecond Speedhowever, is nottheonly requiremen
Ideally, we wantto give the userof the systemcompletefreedom
of action. Thus,stability androbustnessrejust asimportantasthe
framerate.

With the availability of fastcompuers,therehasbeenatrendin
real-timeanimationaway from simplemodelssuchasmass-spring
systemstoward the more sophisticatedinite Elementapprach.
FEM is computatiomlly moreexpersive, but it is physicallymore
accurateandtheobjects deformationbehaior canbespecifiedus-
ing afew materialpropetiesinsteadof adjustingalarge numker of
springconstantsHowever, becausef its compuationalcost,only
the simplestvariantof FEM hasbeenusedso far — namelytetra-
hedralelementswith linear shapefunctions. While not suitablefor
engineeringanalysis,suchmodelsare sufiicient to obtainvisually
plausibleresults.

Thereis an additionaloption when choosingan FEM model—
namelyhow stressis measuredvith respecto the deformationof
anobject. Linear elasticityonly modelssmall deformationsaccu-
rately, but its computational costis much lower than the cost of
a non-linearstressmeasure. One importantfeatureof the linear
approachis that the stiffnessmatrix of the systemis constantand
numericallywell-conditionedyielding afastandstablesimulation.
Underlarge rotationaldeformation,however, objectsincreaseun-
naturallyin volume becasethe linear modelis only a first order
approximationatthe undeformedstate(seeFigs. 7 and8).

Non-linearelasticity on the otherhand modelslarge rotational
deformationsaccurately10]. With anon-linearstressmeasurethe
stiffnessmatrix is no longer constant. For implicit integration it
mustbe reevaluaed at every time stepasthe Jacobiarof the non-
linearfunction that describeghe internal elasticforces. This pro-
cessslows down the simulationandintroducesnumericalinstabil-
ities whenthe Jacobiaris evaluatedfar from the equilibrium state.
This is why modelshave usuallyonly beensubjectedo smalldis-
placementsn demonstratios of real-timesystemshusfar. Dra-
maticdeformatiors arenot possiblewithout eitherslowing the sim-
ulatordown or risking numericaldivergence

In this paper we propo® a new techniquethatis asfastandsta-
ble aslinear elasticitywhile avoiding the artifactsassociateavith
large deformations.We do this by warpingthe stiffnessmatrix of
the systemaccordingto atensorfield thatdescribedocal rotations
of the deformedmaterial. In this way, we canusea precompted
stiffnessmatrix. The evaludion of thetensorfield is muchcheaper
thanthe costof a singletime step. Our technique is easyto un-
derstandandimplement,makingit practicalfor a wide variety of
applications.



1.1 Related Work

Many methodshave beenproposedo simulatedeformableobjects
in realtime. We will discussjust a few recentpublicatiors and
paperghatdescribethosetechniquesimilarto ours.

To improve the numericalstability of the simulation,Terzopou-
losetal. [13] proposeda hybrid modelthat breaksa deformable
objectinto arigid andadeformablecomponet. Therigid reference
body captureghe rigid-body motion while a discretizeddisplace-
mentfunction givesthelocationof meshnodesrelative to their po-
sition within the rigid body. As in their approzh, we hande the
rotationalcomporentof the deformationseparatelyHowever, they
useone single rotation matrix for the entire model— namelythe
one associatedvith the underlyingrigid body frame— evenif re-
gionsof the deformableobjectundego large rotationswhile other
regionsdon't rotateatall.

In ArtDefo (AccurateRealTime DeformableObjects)8], James
et al. usedlinear elasticity in connectionwith the Boundary Ele-
mentMethod(BEM) to deformobjectsin realtime. Becausef the
linearity of the model,mary systenresponsesanbe precompited
andthencombinel laterin realtime. However, the linear modelis
notaccuratefor largedeformationsaswe alreadymentioned

In [4], Desbrunet al. split the forcesin mass-springnetworks
into linear and non-linear(rotational)parts. The rotationalpartis
first neglectedto compue a rapid approximatiorof theimplicit in-
tegration. Thenthey correctthe estimateto presere momentum.

To guaranteea real-timeframerate, Detunneet al. [3] usean
automaticspaceand time adaptve level of detail technique. The
body is partitionedin a multi-resolutionhierarchyof tetrahedral
meshes. The high resolutionmeshesare only usedin regions of
high stress. This reduceshe numbe of active elementsthusin-
creasingthe speedof the simulation. We also usethis methodin
our systemto furtherincreasehe speedof our simulation.

Wu’'sapproach16] is very similarto Debunnéstechnique They
useprogressie meshego adaptthe numberof elementsaccording
to theinternalstresses.

1.2 Overview

In the next section,we introducelinear and non-linearmodelsof
staticand dynamicdeformationand discusstheir advantages and
disadwantagesfor real-timesimulation.This motivatesthe needfor
our techniquecalled Stiffness\Warping, which we describein Sec-
tion 3. We propacse two ways of computingthe rotation field of
a deformedmeshalong which the stiffnessmatrix is warped A
comparisorof our techniquewith linearandnon-linearapproahes
shavs theadantagesof the method.In the lastsectionwe present
acollectionof ourresults.

2 Modeling Deformation

Thereare a variety of waysto modelthe behaior of deformable
objects. Mass-springnetworks are popularin real-timesimulators
becausehey aresimpleto implement. However, modelsthattreat
objectsasa continuum have several advartagesover simplemass-
springnetworks. The physicalmaterialpropatiescanbedescribed
usinga few parameterswhich canbe looked up in textbooks,and
the force coupling betweenmasselementsis definedthroughout
thevolumeratherthanaccordng to thespringnetwork. As aresult,
continuaismodelsyield moreaccurataesults. Thedeformationof

anobjectin sucha modelis describedby a boundary value partial
differentialequation For realisticobjects,this equationcanrot be

solved analytically A standardechniqueto solwve it numericallyis

theFinite ElementMethod[1]. UsingFEM, anobjectis subdvided

into elementf finite size—typically polyheda—andacontinwous
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deformationfield within eachelementis interpolatedrom the de-
formationvectorsat the vertices. Oncethe interpolationfunctions
for all the elementsare chosen the deformationvectorsat all the
verticesdescribea piecavise continuows deformationfield. This
field incorporatednto the partial differentialequationyields a set
of simultaneos algebraicequatiors for the deformationvectorsat
thevertices.

Regardlesof thechoiceof elementypeandshapédunctions the
Finite ElementMethodyields an algebraicfunction F' thatrelates
the deformedpositionsof all the nodesin the objectto theinternal
elasticforcesatall thenodes:

felastic = F(X - Xo), (1)

wheref.iqstic = (F1,f2, ..., f,)T containsthe internalforce vec-
tors of all n nodes andx = (x1,X2,...,%,)7 and xo =
(%01, %02, - - -, Xon )T representheir deformedand original posi-
tions,respectiely. This evenholdsfor mass-springietworks. The
function F : R®* — R>" is, in gener& non-linearandencajsu-
latesthe material propertiesas well asthe type of meshand dis-
cretizationused.

2.1 Dynamic Deformation

In adynamicsystem the coordinatevectorx is a function of time,
x(t). Thedynamicequilibriumequationhasthefollowing form:

Mx + Cx + F(x — x0) = feq, (2)

wherex andx arethefirst andsecondlerivativesof x with respect
totime, M is themassmatrixandC' thedampingmatrix [2]. Eqgn.
(2) definesa coupledsystemof 3n ordinary differentialequations
for the n positionvectorscontaing in x. To solve them,the con-
tinuous3n-dimensiorl function x(t) is appromatedby a series
of vectorsx?, x!,...x%, ..., wherex’ approimatesx(i - At). In
afirst step,(2) is transformednto a systemof 2 x 3n equatiors of
first derivatives:

X =v 3

My =-Cv—F(x—xg)+ fe, 3)
wherev is an additionalvector of 3n velocities. Although there
are mathematicallymore accurateintegration method (see[11]),
Euler’s first ordermethodis known to betterhande discontinuities
(causedfor instancepy collisions)thanhigherordermethodd4].
Theimplicit form of Euler's methodapproximateg3) asfollows:

x+t =x! + Atvit!
Myt = MV + At(—COvit — FP(x*Tt — xo) + £171).
4)

In orderto find the positionsandvelocitiesat time (¢ + 1)At,
a coupledsystemof algebraicequationsneedsto be solved, be-
causethe unknown valuesx‘*! andvi*! appearon both sidesof
Euler’s implicit equation. To computepositionsand velocitiesat
time (¢ + 1) At we useimplicit integrationbecaus it is stablefor
much larger time stepsthan explicit integration [15], which only
usesquantitiesat time ¢At. (For a detaileddiscussionof implicit
andexplicit methodssee[14].)
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Figurel: Quadraticstressapproxmatestherealstress-deformation
curwe betterthanlinearstresslt is nota full secondorderapproxd-
mationof thereal curve though.
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Figure2: With a methodto prevent materialfrom over-stretching,
thelinearmodelcanfit arealstresscurve apprgriately

2.2 Non-Linear Elasticity

In orderfor a strainmeasurdo be accuratdor large deformatiors,
it shoud not include the rigid body motionsof the simulationel-
ements. This can be achieved by defining strainasthe changein
length of an infinitesimal materialvector going from the original
configuratiorto thedeformedconfiguration. In 3D, it is moreprac-
tical to measurethe changeof the squaed length of a vector be-
causethe squaredengthis merelythe dot produd of a vectorwith
itself. Thisis why the Green-Lagrangstraintensor[1] is defined
via the expression

(dso)® — (ds)?, (5)

wheredsg andds are correspoding infinitesimal vectorsin the
undeformed and deformedconfigurationrespectrely. The omis-
sion of the squareroot when measuringthe length of a vector
yields quadrdic strain-displacemenrdnd stress-displacemen¢la-
tionships. This is a nice side effect becausdor somematerials,
quadraticstressapproximatesthe real displacement-stressurve
betterthan linear stress(Fig. 1). Green-Lagrangetrainis not a
full secondbrderapproxmationof therealstresscurve though,be-
cause,aswith the linear model, thereis only one coeficient (i.e.
Young’s modulusE) to fit the cunve.

In [4], Desbrundescribesa methodto prevent material from
over-stretching He approxmatestherealstresscurve with a piece-
wise linear function (seeFig. 2). When combired with a linear
stresgmeasurethis methodyieldsrealisticresults. Thus,thereason
why onewould usea quadraticstraintensorin computer graphics
andreal-timesimulationsis notbecause lineardeformation-stress
relationshipwould not yield plausibleresults,but becausdinear
stresstensorsare not invariantunderrigid body transformations,
and thereforeare inapprariate for renderingrotational deforma-
tionscorrectly

With a quadatic stressensor the function F' describingthein-
ternalelasticforcesbecomeson-linear Thus,in bothstatic(1) and
dynamic(2) simulationsanon-linea algebraicsystenof equations
hasto be solved. This generallyinvolvesthe computationof the
JacobianJ of F'. SinceF is 3n-dimensional,.J is a matrix of di-
mension x 3n. Eventhough.J is usuallysparseits evaludion is
computatiorlly expensve. Moreover, the numericalconditioning
of J deterioratesvhenevaluatedfar from the equilibriumstate.
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2.3 Linear Elasticity

In linearelasticity F' is replacedy afirst orderapproximation

F(x —x0) = K - (x — x0) + O(||x — xo||”), (6)

where K is the JacobiandF/0x of F evaluatedat xg, usually
called the stiffnessmatrix of the system. The stiffnessmatrix is
computedonly oncebeforethe simulationis run. At every time
step,a linear system(usuallywell conditional) hasto be solved.
This is why a linear simulationis fasterand more stablethan a
simulationbasedon non-linearelasticity The dravbackof this ap-
proach,however, is that large deformationsare not renderedcor-
rectly. More precisely linear elastic forces are invariant under
translationsbut not under rotations. This raisesthe questionof
whetherit is possibleto work with aconstantinearstiffnessmatrix
and extract the rotational part of the deformation The next sec-
tion describesur new techniquecalledStifnessWarping, whichis
basednthisidea.

3 Stiffness Warping

In linearelasticity theelasticforcesfor asingletetrahedraélement
in 3D areevaluaedasfollows:

felastic =K- (X - xO): (7)

whereK € R'2%!? is theelements stiffnessmatrix andf,qssic, X
andxo € R!? containthe elasticforces, the displacedpositions
andtheoriginal positionsof thefour verticesof thetetrahedronAs
long asthe deformedshapex is only stretchedandtranslatedwith
respecto theoriginal shapexo, thelinearapproahyieldsplausible
results.If the transformatiorfrom xo to x containsa rotation,the
artifactsassociatedvith alinearmodelemenpe.

Let usassumeanow thatwe know a globalrotationalcomporent
R, of therigid body transformatiorof the elementwhereR, €
R3*3 is a 3D (orthogonalyrotationmatrix. We canthenconstruct
R. € R'?*12 which containsfour copiesof R, alongits diagonal
andzeroseverywhereelse:

R, 0
R. = R, (8)
0 R,

This matrix rotatesguantitiesof all four nodesof thetetrahedron
by the samematrix R,.. If we compuetheelasticforcesas

felastic = REK . (Re_lx - Xo), (9)

we getthe sameforcesasif R, wasnot presentin x (Fig. 3). We
first rotatethe deformedpositionsx backto their original coordi-
nateframeusingtheinverseR, . Theforcesarethencomputedn
this coordnateframeas K - (R; 'x — x,) andthenrotatedback
usingRe.

Let k;; bethe3 x 3 sub-matrixof K containingentries K.,
with 37 — 2 < v < 3iand3j — 2 < w < 3j. Using(9), we getfor
theforcef; atvertex i:

fi =R, Zkij(R;IXj — XO]'),

=1

(10)

wherei € (1...4) andx; andxo; arethe displacedandoriginal
positionsof vertex j. If we usethe sameapproachfor the entire
meshwe getthefollowing formulafor the elasticforce at vertex :

fi="Ry Zkij (Rb_lxj — Xoj5), (11)

j=1



Figure3: If therotationalpart R, of the deformationx is known,
the forces can be computedwith respectto a deformationR; 1 x
thatonly containstranslationandstretching.Here,the original el-
ement(a) is deformed(b), andthenrotatedbackinto the original
coordinateframe(c).

" (0)

Figure4: Insteadof usinga singlerotationmatrix R, from anun-
derlying rigid body frame (a), we computelocal matricesR; for
every vertex (b).

wherei € (1...n). The k;;’'s are now sub-matricesof K €
R3"*37 | the stiffnessmatrix of the entire mesh. This raisesthe

questionof what R, — the meshs rotation— shouldbein this case.

If we kept track of a globalrigid body frame associatedvith the
deformablebody asin Terzopoulos’model[13], we could derive
Ry, from this rigid body rotation. For stiff materialswith little de-
formationbut arbitraryrigid body motion, this modelwould yield
acceptablaesults. Large deformationsother than the rigid body
modeswould still yield the typical artifactsof a linearmodel,such
asgrowth in volume.

A naturalextensionof the rigid body approah is to useindi-
vidual rotationmatricesR; for every vertex i in the mesh(Fig. 4).
Hence insteadof rotatingthe stiffnessmatrix K, we warp it along
arotationfield describedoy the matricesR;, i = (1...n). Forf;,
we now get:

fi =R Y kij(R;'x; — x0;). (12)

j=1

The only nonzerok;; in (12) arethosefor which thereis an edge
(3, 7) in the mesh. Thus,the quantitiesusedto compue f; areall

locatedat verticesimmediatelyadjacento vertex i. Thereforethe
rotationmatrix R; is only usedin thelocal neighbahoodof vertex

1. In thisway, theforce at vertex i is compued exactly asin linear
FEM, but asif thelocal neighbortood of vertex 7 wererotatedback
by R; .

We alsotried to usetheindividua R;’sto computef;
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fi=R; Zkij(Rj_lxj — Xoj), (13)

=1

but obsened thatinstability may emegewhenmorethanonerota-
tion matrixis involvedin thecompuationof f; andthatthestability
depend®on the methodusedto computeR;.

Computingthe elasticforcesasin Eqn. (12) yields fastandro-
bust simulations. However, the forcesare not guaraneedto yield
zerototal momentumas elasticforcesshould. Errors comefrom
the fact that the samerotation matrix is usedin a finite size ervi-
ronmentandalsodepen onthe way therotationmatricesarecom-
puted(seenext section).Eventhoughtheerrorsin theforcevectors
atindividual verticesaretiny anddon't shav aslong asobjectsare
anchoredtheir sum— if non-zero— actsas a ghostforce on free
floating objects. In [4] Desbrunshawvs how to solve this problem
by performinga simpleandcomputationallycheapcorrectionstep
afterevery time step.We usedthe sametechniquen our simulator

3.1 Rotation Tensor Field

We now have to answerthe questionof how to estimatethe local
rotationsof a deformedmesh. Extractingthe rotationalpart of a
mappingbetweentwo arbitrary setsof vectorsis not straightfor
ward and not uniqueif the two setsare not relatedvia a pure 3D
rotation. One approacho finding an optimal rotation matrix is to
minimizeanerrorfunctionusingaleastsquaresnethod.This, how-
ever, requiresheability to take derivativeswith respecto amatrix.
Lasenbyet al.[9] describean elegantalternatie that usesgeomet-
ric algebra[7]. In the geoméric algebranotation,rotationscanbe
representethy multivectors(rotors). Giventwo setsof vectorsthe
theory allows for minimizing with respectto suchrotors and for
finding optimalrotations.

For two given setsof vectors{u; } and{v;} with cardinality N
amatrix F' € R**? isformed:

N
Fij = Z(n, . uk)(nj . Vk). (14)

k=1

wherethe vectorsni, n, andng are orthonormalbasisvectorsof
R2. In asecondstep, F is decommsedby SVD (singularvalue
decompsition[6]), whichyields F = USV ™. Therotationmatrix
R is thensimply given by the produd

R=VvU". (15)

For our simulator we have alsouseda simplerandfastertech-
nigueto computdocalrotations.Wefoundthatthestability of Eqn.
(12)is notsensitve to thechoiceof therotationfield andthatevena
very simpleapproactcanyield stableandfastsimulations.Figure
5illustratesour fasterapproxmation procedure.

For correspoding verticesin the undeformel and deformed
mesh we computeorthonamal framesof vectors(ni, n2, ng) and
(n}, nh, n3) basedon a selectionof outgoingedgese; ande;, re-
spectvely. More specifically n; is computedas the normalized
averageof threedeterministicallychose edges.The secondvector
n, is evaluatedasthe crossprodud of n; andthe directionof a
choseredge.Thelastvectorns is the crossprodud of n; andn,.
Thesethreevectorsform a matrix N = (n1,n2,n3). Thesame
procedureappliedto the deformedmeshyields a matrix IV'. It is
importantthat N/ is computedusingthe exact sameedges but in
their deformeddirectionse;. The rotation matrix we are looking
for cannow be evaluatedas

R=N'NT. (16)
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Figure5: A fastway of estimatingthe rotationalpart of the defor
mation at a nodeis to computethe relative rotation betweentwo
orthonorméavectorframesthatarebasedon the directionsof adja-
centedges.

In the caseof arigid body, wherethe two meshesare related
via rotationsandtranslationonly, this simpleapproachyieldsthe
correctconstantotationmatrix for all thevertices.

3.2 The Algorithm

Let ussummarizehe entiresimulationalgorithm:
o K g_ﬂx:xo (K € R3nx3n)
o x¥ « xo;;v) < Oforallie (1...n)
o t+ 0
e loop

— evaluateR; foralli € (1...n)

— solwe
i1 t4+1 -1
vitl = vt TAn—f[—civi+ —Ri Y27 Kij (R] (xt +
41 ) 41
Atvj ) - xOJ) + fe:ct ]

for all unknownvi*! i € (1...n)
- setx!t! « x! + Atvit foralli € (1...n)

—t+t+1
e endloop

The function F(x) : R* — R3" describesinternal elastic
forcesgiventhedeformedcoordinate of all n verticesof amesh.
This function doesnot necessaly needto stemfrom a Finite EI-
ementdiscretization,it canalso be definedby a spring network.
First,the Jacobiank of F is evaluated.Thenthe positionsandve-
locitiesof all the verticesareinitialized andthetime is setto zero.

In thesimulationloop, therotationtensoffield is evaluaedbased
ontheactualcoordinates<! asdescribedn section3.1. Then,the
linear systemfor the unknownnew velocitiesvi* is solved. This
systemis derived by substitutingeqn.12into Eqn.4for implicit in-
tegration.Notethatthek;; are3 x 3 sub-matrice®f K containing
entriesK,,, with 31 —2 < v < 3iand3j — 2 < w < 3j. Note
alsothatwe lump the massmatrix M in Egn.4to the vertices,i.e.
replaceit by its diagona entriesm;. The positionsof the vertices
arethenupdaed usingthe new velocitiesbeforegoing to the next
time step.
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4 Results

4.1 The Bars

To demorstratethe advantagesof our appro@h, we compareit to
alinearandanon-linearmodel. In all threecaseswe useimplicit
Eulerintegrationandlumpedinertiaanddampingmatrices A Con-
jugateGradientssolver [11] is usedfor Eqn. 4.

We animatea rectangulabarof 4 x 4 x 11 verticescontaining
450 tetrahedraklements.The block is fixedto awall on oneside
anddeformsunde the influenceof gravity (Fig. 7). In the linear
case the stiffnessmatrix of the objectis evaluatedonceandused
throughou the simulationto computetheinternalelasticforces.In
thewarpedstiffnesscase we usethe sameconstan stiffnessmatrix
andwarpit alongarotationfield. Thisfield is computedasshavn
in Fig. 5. In thenon-linearcase anew stiffnessmatrixis compued
at every time stepasthe Jacobiarof the non-linearforce function
F basedon Greens straintensor We usean elasticmodulusE of
10° N/m? anda Poissorratio of 0.33, meaningthe volumeof the
materialshouldnot chang substantiallyduringthe simulation.

Fig. 6 depictsthe volume of the block versustime. The linear
modelshavsthetypical growth artifactunderdeformation.As with
the non-linea model, our methoddoesnot exhibit this problem.
The time to compue one time stepis 5 msin the linear case,6
ms for stiffnesswarpingand 12 ms for the non-linearsimulation.
The simulatedtime stepis 10 ms. The experimen shaws thatour
approachs nearlyasfastasthelinear modelbut asaccurateasthe
non-linearmodelin termsof volumeconseration

To demorstratethe stability of stiffnesswarping, we repeated
the simulationwith a longerbarof 4 x 4 x 18 verticesand 765
tetrahedrg(Fig. 8). The linear and warpedstiffnessmethodsstill
yield stablesimulationswith a time stepof 10 ms while the non-
lineartechnique divergesevenwith barsslightly longerthanin the
previous example.

4.2 A Simple Tube

Thetubedepictedin Fig. 9 andFig. 10 is composedf a thousarl
tetrahedraand it is 50 cm x 13 cm in size. For its materialwe
chosea densityof 1 g/cm® anda PoissorRatio of 0.33. In afirst
experiment,we drop the tubefrom a diagonallyorientedposition
50 cm above thegrourd andlet it hit thegroundplane.Theimpact
causesieformationghatcanleadto instabilitiesin the simulation.
The following table shavs the largest time step we could use
beforethe systemgotinstable. This valuedepadson the stiffness
(Youngs Modulus E) of the material.

E[10°N/m?] | 2.0 1.0 0.5 0.2 0.1
Warp | 30ms 20ms 10ms 10ms 10ms
Non-Linear| 5ms 5ms 2ms 1ms 1ms

As the resultsshaw, the simulationusing the warpedstiffness
techniguecanbe further acceleratedhy chocsing largertime steps
thanin the non-linearcase. Smallerelastic moduli causelarger
deformationsafter the impact and smallertime stepsneedto be
taken. Fig. 9 shaws the effect of changingthe elasticmodulusand
divergencecausedy too large atime step.

Fig. 10 depictsa seriesof experimentswherethe userinteracts
with the systemby grabling the tubeat onevertex. This vertex is
then attachedto the mousevia a spring. In the first experimen,
only the upperpart of the tubeis includedin the simulationwhile
the lower partremainsfixed to the grourd plane. Whenthe entire
modelis animatedtheusercanpick it up. It bendsdueto collisions
with the groundplaneor inertial forces. The tube shavs deforma-
tionsandvibrationswithout the artifactsof alinearmodel.



4.3 The Bunny

To generatehe animationdepictedn Fig. 12, we usedavolumetric
meshof 5000 tetrahedraThe meshis compose of abonecoreand
a layer of skin tetrahedrgFig. 11). Only the bunny’s head,com-
posedof 276 bonetetrahedraand851 skin tetrahedrads animated.
We treatall bonetetrahedraasonerigid body. This rigid skull can
rotateabouta fixed axis andis attachedo the mousevia a spring.
Theskin tetrahedrdollow the movemert of the skull dynamically.

We usethe deformationfield of the tetrahedrameshto animate
atrianglesurfacemeshwith higherresolution(5000 triangles).Ev-
eryvertex in thesurfacemeshis associateavith atetrahedrorin the
volumetricmeshandusesits barycentriccoordiratewith respecto
thattetrahedrorto interpolateits position.

4.4 The Great Dane

As our last example,we animatethe floppy skin of a GreatDane
(Fig. 13). As in thebunrny examge, we simulatethe bore coreasa
rigid bodyandlet theskinlayerfollow its movemens (Fig. 11), but
in this case theentiremodel(i.e. 753 boneand1244 skintetrahe-
dra)is animated.The elasticmodulusE of the skinin the Danes
faceis 102 N/m? — muchlower thanin the previous examples—
which makesthe surfacelag noticeablybehindthe skull movement.
Thevisible surfacemeshis formedwith 5000 trianglesthevertices
of which areinterpolatedusingthe undelying tetrahedramesh.

5 Conclusions

In this paper we have presentedh new technique to animatede-
formable objectsin real-time. By warping the constantstiffness
matrix of thesystenusedin linearapproatesalongarotationfield,
we eliminatethevisual artifactswhile the simulatorremainsassta-
ble andfastasa linearone,evenfor large rotationaldeformatiors.
In contrasto a non-linearapproad, the stiffnessmatrix needsonly
to be computedonce. The samematrix canbe usedthroughot the
entire simulationfor implicit integration, making the systemfast
androbust. We have alsoproposel a fastway of estimatinga rota-
tion field alongwhich the stiffnessmatrix is warpedat every time
step.

Our examplesshawv that stiffnesswarping makes possiblereal-
time animationof detailedmodelsin aninteractve ervironment.

In the future,we would lik e to incorporatematerialfractureinto
our simulator Stiffnesswarpingworkswith a constansystemma-
trix. This matrixchangswhenthestructureof theunderlyingmesh
changs. Fortunately local changs in the meshonly causelocal
changs in the coeficientsof the global stiffnessmatrix. Suchup-
datescanbe doneincrementallyandwill notslow down the simu-
lation significantly
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Figure7: Threebarsattachedto a wall underthe influenceof gravity. They are simulatedusing non-linear
(green) warped(blue)andlinear(red) stresameasures.

Figure8: Longerbarsmorenoticeablyshawv theartifactswith linearFEM. Non-linearFEM divergeswith thelong bars

whenthe sametime stepis used.
CY (b) (d)

(©

Figure9: A tubebeforeimpactwith the grourd plane(a). With a high elasticitymodulusit doesnot deformmuchafter collision (b). A low

elasticitymoduus leadsto largedeformatiors (c) thatcancausenstabilities(d).

(@) (b) (©

Figure10: A tubeis bentunde userappliedforces(a), collision forces(b) andinertial forces(c).
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Figurell: Wedivide our meshesnto askinlayerandabonelayer. Thebonetetrahedra
areanimatedasonerigid body, while the tetrahedran the skin layerfollow the core’s
movement.

Figure12: Thebonecoreis animatedasarigid bodywhile thebunny’s skin follows it dynamically

Figure13: The greatdanes skin hasalow elasticmodulus which makesthe surfacelag noticeablybehindthe
skull movement.
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