BINARY MULTIPLICATION

The Key to mul’rip\icaﬁotﬂ Was
memorizing a cligi’r—lay—dia'ﬂr table..
Everything else was Just aclclina

x| 0] 1 2 3 4 5 6 7 8 9
00|00 0 0 0 0 0 0 0
1|01 2 3 4 5 6 7 8 9
21 0|2 4 6 8 10 12 14 16 18
3|1]0]|3]|6 9 12 15 18 | 21 24 | 27
4 | 0] 4|8 |12 | 16 20 24 | 28 32 36
5|10(5|10( 15| 20 | 25 30 35 | 40 | 45
6 | 0)6|12)| 18 | 24 | 30 36 | 42 | 48 54
710|714 21 28 35 | 42 | 49 56 63
8 | 0| 8|16 |24 | 32 | 40 | 48 56 64 [ 72
9 | 0] 9|18 27 | 36 | 45 54 [ 63 72 81
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X 0 1
0| 0O
1 0| 1

You've got to be
kidding.. It can't be
that easy



DIGIT BY DIGIT = BIT BY BIT

The 'Binary“
Multiplicati ) - ) . )
u-,—i.ble < Bmary mul+||9||ca+|on = mp\emerﬁed using
> [x 1ol 1 the same basic lor?hand algorithm that
Hey, that you learned in grode school
e~ E|0]0)0 N
ar T
1 0 1 A3 A2 A1 AO gor‘?’[niﬂg Par‘rial
X B B2 B 1 BO Pr‘oduc+9
AR 3 (JuiJr an ANDB |
.D.IS Ad gate since is
“partié| Iproduct” A3B0 AZBO A1 BO AOBO Sither O or I
A3B1 AZB1 A1B1 A0B1 Hard part:
adding M, N-bit
A3BZ A2B2 A1 BZ A0B2 Par'ﬁgl Pr*oduc’rs
+ AB, AB, AB, AB,
\ }
|
Multiplying N-digit number by M-digit number gives (N+M)-digit result
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MULTIPLYING (N ASSEMBLY

One cah use this "Shift and Add' approach to write a

multiply Function in assembly language:

; multiplies r@ and r1

mult: mov
part: tst
addne
mov
movs
bne
mov
bx
Hum, maybe r1:
umcpquo\\
something
more clever.
10/23/2.017

r3, #0
ri1, #1
r3, r3,ro
ro, ro, 1sl #1
r1,r1,1lsr #1
part
ro, r3
1r
Multiplier

0000 0000 0010 1010

- e moe wmo wmo

0000
0000
0000
0000
0000
0000

0000
0000
0000
0000
0000
0000

0010
0001
0000
0000
0000
0000

1010
0101
1010
0101
0010
0001

zero product

check if least significant bit=1
add multiplicand to product

multiplicand *= 2
multiplier /= 2

continue while multiplier is not ©
copy product to return value

ro:

ica

0000 0000 0100 1000

0000
0000
0000
0000
0000
0000

0000
0000
0000
0010
0000
1001

0000
1001
0000
0100
0000
000

0000
000._
00__

0000

1011

CoprML—FmIZOW

1701




MULTIPLIER UNIT-BLOCK

We introduce a new abstraction to Add/Subtract | [ Subtract
aid in the construction of multipliers Unit Block , | l

called the "Ur\c;iﬂned Multiplier Unit-block _

We did a similar thing last lecture c—lcoFAcl—c.
when we conver+ea? our adder to an | ﬁ -
odd/subtract unit. | S

A, are bits of the Mu|+iplicar\d and

Bi are bl+‘3 O—p the Mulhpher‘ Unsigned

The inputs and outputs represent M_”'“P'Y

“Par‘ﬁal Produdrc;" which are partial Unit Block

results from addinﬂ together shifted

instances of the Mul+iplicand. C—{COoFAci—C, ,
The initial P ok is zero. ?

10/23/2.017 Comp 41 - Fall 2017



SIMPLE COMBINATIONAL MULTIPLIER

t,,=10*t,

/A
not 16

t,, = (2*(N-1) + N) * t

Components
N * HA
N(N-1) * FA

Ts fhis faster

I0/23/2.017
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A3 2 +han our
H i 9 — assembly code?
HA" H&% RAB
G° G° u To defermine the
| = timing specfication of
A3 A2 Al A a composHe
. . . s+ combinational circuit
| _ _ _ we find the
R R R worst-case path for
every output to any
FA [ FA [ PP | input.
| 1 e = \'Q"
A3 A2 A1
- - & i ‘/
epspiapis
J )
FA | FA “ft Pl L
— 1 _ =
a2 Af A
T werks For

nonnegative operands

5



“CArry-SAVE” MuLTIPLIER

A0

Observation: Rather than . H . . I e an
propagating the carries Tm de_ﬁ TFAH 4/ e el
to the next adder in each i i i 7 I e ) i = 8 b sfe
row, +Iney cah instead be i e

Forwarded to the next

155

. directly fo
d_j 6 the Ca:Fy
column of the Pollowinﬂ : el il - y Higol
ow AT rred e J&E
L =8t BLIBLINEG
PD PD =
t = (N+N) * TFA — Fﬂﬁ_j— F.ﬂ.ﬁ— Q_‘j / r:\;‘:;::\fni
PD I I hardly seems
&o — — T worth the
mponents / .

however, this

M | % design is
N2*FA 1 J d dﬁ 6 i:rflk

This small

/
o - F = — \\'

10/23/2.017 Comp 41 - Fall 2017



=N
HIGHER-RADIX MULTIPLICATION (1]

Idea: = we could use, say, 2 bits of the multiplier in generating each
partial product we would halve the number of rows and halve the

latency of the multiplier! A A A A A A

N-1 N-2

x B,,: Bus -

Booth's insight: rewrite 24A B A= 1":: = X
- =
and 3tA cases, leave 4A For = 2*A . 2A or 4A — 2A

next partial product to dol =3*A _ 4A - A

10/23/2.017 ComP A - o



BoomH RecobNG oF MuLieiee |||

current bit Pair'R /-Fr'om previous bit pair

B B.. B action
2K+1 ~ 2K~ 2K-1 An encoding where

each bit has the

-89=10/1]|0101(1]1 0] 0 add 0 'pO“OWiI’Ia weiﬁh+s=
=.1* 20 (_1) add A ok
+ 9 * 92 ( 8) add A W(B,,,,)=-2"2

add 2*A  W(B,,)=1*2%

t(2)72 (32) sub 2*A  W(B,, ) =1*2%

+(1)*2° (-64)

_ e e = OO0
_, L OO0
_ O = 0O =0 -0

29 sub A
oy sub A~ -FA*A
ata —

. add 0
::2\0:’;? — A+A
Yep Booth recoding works A 1IN this bit meanL the previous stage needed to add
for 2-Complement 4tA. Since this stage is shifted by 2 bits with respect
ZH:?;Z' nplier. i 4o the previous stage, adding 4*A in the previous stage

is like aalding A in this 9+age!

I0/23/2.017 Comp 41 - Fall 2017



BOOTH MULTIPLIER VNIT BLOCK

Logic c;urroundina each basic adder:

- Control lines (x2, sub, Zero)

Are shared across each row Multiply

- Must handle the "+I' when Sub is | Unit Block
(extra half adders in a carry-save

array)
B,x+1 Bok Bok| X2 Sub Zero pi’k_
NOTE: 0 0 0 |X X 1 |
. 0 0 1|0 0 o0 A_ B
- Booth recoding o 1 0lo o o —{ coFAci
can be used to 0 1 1100 f
1 0 01110 Pl
implement si@r\eal 1 0 1 (0o 10
L 1 1 001 0
mul+|PI|ca+lonc; 1 1 1 [x X1
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X2
Sub

Zero



BIGGER MULTIPLIERS

- Using the approaches described we can construct multipliers
ofF arloi’rr'ary sizes, on considerina every adder at the 'bit' level

. We can also, build biﬁﬁer multipliers using smaller ones

- ; -
| | |

it b
]l — | X
I# | i : i '

I o

. Concsiclerir\ﬂ this problem at a higher-level leads +o more
‘non-obvious" optimizations
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can We MuLtipLy WitH Less?

. How many operations are needed to
multiply 2, 2—o|iai+ humbers?

- 4 mul+iplierc:~
4 Adders

- This +echnia|ue 6eneralizec:~

- You can buid an 8-bit multiplier using
4 4-bit multipliers and 4 8-bit adders

- O(N* + N) = o(N?)

10/23/2.017 Comp 41 - Fall 2017
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O(N%) MULTIPLIER LOGIC

The Functional blocks look like
B C A D B

Mult Mult Mult Mult

HA Add Add

[
Product bits

l
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A TrICK

e The two middle par-tial Pr'oduc+6 can be compu-l-ed using a single
mutiplier and other par-tial Pr'oduc-l'e
e DA+CB =(C + DXA + B) - (CA + DB)

e 3 mulipliers
8 addez's AB
® This can be applied recursively X CD
(ie. a plied within each partial product) DB
o LeacE to O(N*"®) adders
e This trick is Iaecomina more popular DA
as N grows. However, it is less reqgular, CB
and the overhead of the exira acl3:r's

is high For small N CA
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p—_ %
LET'S TRy IT By HaND 1]

—

) Choose 2, 2 cﬁ@iJr numbers to multiply: ab x cd
42 x 37

2) Multiply diﬁiJrc;: pl=axc, p2-=bx d, p3 = (c + dXa + b)
01 =4x3 =12, p2 = 2*7 = 14, p3 = (4+2)x(3+7) = 60

3) Compute portial subtracted sum SS = p3 - ( pl + PZ)
SS =60 - (12 + 14) = 34

4) Add as folows: p =100 % pl + 10 x SS + p2
P=1200 + 340 + 14 = 1554 =42 x 37 ol

I0/23/2.017 Comp 4l - Fall 2017 14



AN O(N'-S?) MuLnieLIER

The Functional blocks would look like:

CA DB
X CD Mult | [Add || Add |[ Mult
T T
SS Mult | | Add || Add
CA —
Add
Where @
] |
SS = (C+D)(A+B) HA — Add |{ Add
— (CA+DB) o
|
Produlct bits
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Note: Adders with
a bubble on one of
their inputs
becomes a
subtractor in this
notation.

¥

s



NEXT TIME

e We dive into P\oaJring—PoinJr arithmetic

a

L
A —

—

~
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