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Numbers

® Signed il’\’reﬂer‘s

o Biased integers

o Fixed-point fractions
o Floaﬁna point
'‘Finiteness'

Pixels

O On screen
o In files
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SIGNED INTEGERS IT:H

—

e Obvious method is to encode the c;iﬁn of the irH'e@er‘ usiha one bit.

e Conventionally, the most significant bit is used for the sign

® This encoclir\ﬂ of siar\ed integers is caled "SIGNED MAGNITUDE"

S 21999 28 7 26 25 p4 23 92 o1 0 P

n-2
v=—1522‘bi 1111111{1]1{1]0[0|0|O[1 /"“""“‘?
i=0

b}

2

e The Good -2017
o Easy to negate, easy to take absolute value
e The Bad
0 Two ways to represent ‘0", +O and -O
o Add/subtract is complicated; depends on the signs
e Not Prequenﬂy used in proctice
o With one important exception that we'll discuss shortly
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2's COMPLEMENT NOTATION L]

—

® The 2's complement representation for signed integers is the
most commonly used sianecl—inJreaer representation
e Itis a simple moditication of unsigned integers where the most
signiticant bit is a negative power ok 2.
21121029 28 7 26 25 24 23 22 91 0

n-2
v==2""b_ +Y2'b,  [tltJ1]t]1]o[o[ofo]t

i=0 T
-2048
ms:::; Zlgql‘bgor +2017
the number to < 0) -31

o Huh?
o Negative numbers seem hard to ‘reod' (For humans)
O Nonsymme’rric range:
For 12 bits the ronge is -2048 = x = 2047
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Uy 2's COMPLEMENT? IT!TI

—

® In the two's complement representation for signed integers, the
same binary 'addition procedure' (mod 2" works for adding any
combination of positive and negotive numbers.

e Don't need a separate 'subtraction procedure’

(carries only, no borrows) 551@ = 90000011011 1,
e The "addition Proceolure" also +1 @1@ = ©0B0KBBKB101 @2

handles unsioned numbers! ~

andies unsig Hmoers 65., = @0000100@@@12

® In2's complement adding is addinﬂ
reaardlescs of operond signs.

e You NEVER need to subtract 5519 = 00000011011 12

, +-10.. = 111111110110
when you use Zs—complemenf 10 2
o Just form the 2's —comPIemenJr 4519 = 1000000101101 9
of the subtrahend o

Ignore this “carry”
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2's COMPLEMENT TRICKS

o Negaﬁon - changing the sign ofF a number
L Invert every bit (ie.]l > 00—

2. Add i

Example: 42, = 000000101010,

-42. .= 111111010181, + 1 = 111111810118,

e Sign-Extension - aligning different sized 2's complement integers
o Simply copy the Gial’l bit into hiﬂher‘ POGH‘]OHG

Example: I6-bit version of 42: 42 = 8000000000101010,
G-bit version of -42: -42_= 11111111110101180,
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CLASS EXERCISE

I0's-complement Arithmetic (so you'll never heed to borrow aﬁain)

Step D  Write down +wo 3—digi+ humbers, where
you'll subtract the second From the First

Step 2) Form the 9's-complement of each diaH'
in the second number (the subtrahend)

Step 3) Add I to it (the subtrahend)
Step 4) Add this humber to the first

step 5 Y IiE your result is less than 1000, Form the 9's
complement of the sum, add | and remember
your result is negaﬁve, otherwise subtract 1000

Helpful Table of the
9's complement for
each digit

0—-9
1-—-8
2—-7
3—-6
45
5—~4
6—+3
7—2
8 -1
9—-0

What did you get? Why weren't you taught to subtract this way?

08/28/207 ComP 41 - Fall 2017



FIXED-POINT NUMBERS

1Ll

—

® You can dlways assume that the boundary between 2

bits is a "Iainar'y PoinJr“.

o F you dlign binary points between addends, there is no

ellect on how operations are preformed
_27 26 25 24 23 22 21 20 2-1 2-2 2-3 2-4

1

1

1

1

1

1

0

1

0

1

1

0

11111161.0110

-2.625

11111161.0110

-2.625

08/28/2.07

-42 x 274
-42 / 16
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OR

A

_27+26+25+24+23+22+20+2—2+2—3
-128 + 64 + 32 + 16 + 8 + 4 + 1 + 0.25 + 0.125



P N
REPEATED BINARY FRACTIONS L]

—

Not all Fractions can be represented exactly using a Finite
representation You've seen this belore in decimal notation where the
Fraction 1/3 (amor\ﬂ others) reguires an inkinite humber of digits to
represent (0.3333.)

IN Ioinary, a area’r many Fractions that you’ve grown attached to
reguire on infFinite number of bits to represent exactly.

Exomple:  1/10 = 8.1, = 8.00011..., = 8.19...
1/5 = 0.2, = 0.0011..., = 8.3...
1/3 = 0.3, =0.081..., = 8.5...,

08/28/207 Comp 4l - Fall 2017 8



=N
FINITE REPRESENTATIONS ITI“

—

e Computers use a Finite set of bits (or certain Fixed-sized bit
clusters) to represent numbers.

o In fact, everything that a redlizable computer does is limited by o
Finite set of bits.

® Tlnr'ouah your maerer‘y of mathematics, you've ﬁr'adually grown
used to inkinite representations. So much so that finite
representations seem odd

e One type ok inkinity that you've grown used to: InFinite dia'ﬂ's

.. .00000000042 .0000000000. . .
.. .000000B0bBO00O .0000000000. . .007000
10000000. . .00000000000 .0

® The cohcept an inFinite supply ofF zero diﬁiJrs is conceptually
elegont, but diFFicult to physically implement
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SIDE EFFECTS OF BEING FINITE

These examples assume a Finite 16-bit representation

® You canh "overfow'

32767., + 1,, = -32768,, 0111 1111 1111 1111,
+0000 0000 0000 0001,
1000 0000 0000 0000,

-20000 - 20000, = 25536, 1011 6661 11160 0000,
+1011 6661 1110 0666,
101160 6611 11600 0000,

e Certain numbers cant be neﬂaJred

-32768., = -32768, 1000 0000 0000 0000
0111 1111 1111 1111

+ 0000 0000 0008 8001

1000 0000 0060 0000
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BlAS NOTATION ﬁ:ﬁ

—

There is ye+ one more way to reprec;enJr c;iﬁned inJregerc;, which is
surprisingly simple. it involves subtracting a fixed constant From a
given unsiﬂned number. This representation is called "Bias Notation".

27 26 2524 232221 20

n-1
v=>2'b. —Bias

1[0|0|110[1(1]|0
Ox2*= 144
Example of Bios 127: + ©6x20= 6
- 127
Adcﬁl’\a 2 numbers requires a T o3
subtraction to Fix the result
150
Why? Monotonicity when viewed + 150
as an unsi@ned humber - 127
173 =46 + 127
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FLOATING POINT NUMBERS L]

—

Another way to represent numbers is to use a notation similar to
ScientiFic Notation This format can be used to represent numbers
with Fractions (390 x 10, very small numbers (16O x 10™), and lorge
numbers (602 x 10°%). This notation uses two Felds to represent each
nhumber. The First part represents a normoalized fraction (called the
signiFicand), and the second part represents the exponent (ie. the
position of the "P\oaﬁna" Ioinar'y Poiﬂﬂ.

Exponent

Normalized Fraction x 2

Exponent L Normalized Fraction
Y o~
“dynamic range” “bits of accuracy”
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TEEE 7St FORMAT mi

N This is effectively a

. - . . " because i
® Single precision Format /g sl et oy
2 “hidden” 1. information
after th
. e e number is
S| Exponent Significand | o zed"
C A I ]
| ¢

|
1 & 8 23

The exponent is —

represented in bias g S . . Expohent-127
12; notation. Why? h V = ..1 X 1'slgnl.ﬁcand X 2 XP e

O ExamPIG: 52.25 = @@11@1@@.@1@@@@@@2
Normalize: 901.1010001000000. x 2°

(27+5) ,/// ///0

0 10000700 10100010000000000000000
0100 0010 0101 BBO1 BOOO VOO BBOO BBOO
52 .25 = 0x42510000
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TEEE 7St LIMITS AND FEATURES L]

—

O Slna\e precision limitations
o A little more thon 7 decimal digits ot precision
o Minimum positive normoalized value: ~18 x 107°
o Maximum positive normoalized value: ~3.4 x 107°

® |haccuracies become evident after multiple single
Precic;ior\ oper'aJrions
e Double precision Format

S Exponent Significand J
" — DR
1 11 52

_— E 1023
v = -1° x 1.Significand x 2-7°""
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BITS YOV ¢cAN SEE

The smadllest element of a visual display is caled a 'pixel’. Pixels have

three indepenolerﬁ' color components that generate most ofF the

Per'ceivable color range.

o \Nhy three and what are they ‘w

1

e How are they represerﬁed in -
A computer? ﬂ:

e First let's discuss this notion ;:;

of Perceivable

08/28/2.07
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IT STARTS WITH THE EYE

® The photosensitive part o the eye is called
the retina.

® The retina is largely composed of two
cell types, caled rods and cones.

o Cones are responsible for color perception _

e Cones are most dense within the fovea.

® There are three types ot cores,
referred to as S, M, and L whose
spectral c;encsiJriviJr\/ varies with wavelenﬂJrh.
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WHy WE SEE 1N CcOLOR

® Pure spectral colors simulate dll
cohes to some extent.

o Mixir\ﬂ multiple colors can stimulate
the cones to respond in a way that
s indistinguishable From a pure color.

® Perceptudly identical sensations are

caled metamers.

® This dllows us to use ju«;Jr three colors

to aener'aJre all others.
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® Eoach pixel is stored as

three Primary Par+¢:~

® Red green and blue
® Usudlly around 8-bits Eramebuffer %%%%%

per channel %%%%%
® Pixels can have individual e

R.GB componer\Jrc:» or

they can be stored indirecﬂy

via a "Iook—up table'

Display

Framebuffer =S

3 - 8-bit unsi@necl binary integers (0,255)
- - e e Culur Map

e e s e s s or Lookup Table

3 - Fixed point 8-bit values (0-1.0)
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COLOR SPECIFICATIONS

Web colors:

Name Hex Decimal Integer Fractional
Orange #FFA500 (255, 165, 0) (1.0,0.65, 0.0)
Sky Blue #87CEEB (135, 206, 235) (0.52,0.80, 0.92)
Thistle #D8BFDS8 (216, 191, 216) (0.84,0.75, 0.84)

Colors are stored as bir\ar'y too. You'll commonly see them
in Hex, decimal, and Fractional formats.
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SUMMARY 1]

—

e ALL modern computers represent signed integers
using a two's-complement representation

® Two's-complement representations eliminate the need
For separate addition and subtraction units

e Addition is identical using either unsi@ned and
two's-complement humbers

® Finite representations of numbers on computers leads
to anomalies

® Floating point numbers have separate Fractional and
exponent components.
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